The notion of hermitian operators in Hubert space has been extended to Banach spaces by Lumer and Vidav. Recently, Berkson has shown that a scalar type operator S in a Banach space X can be decomposed into S = R + iJ where (i) R and J commute and (ii) R m J n {m, n = 0,1, 2, ) are hermitian in some equivalent norm on X. The converse is also valid if the Banach space is reflexive. Thus we see that the scalar type operators in a Banach space play a role analogous to the normal operators in a Hubert space.
In this paper, the well-known Hubert space notion of unitary operators is suitably extended to operators in Banach spaces and a polar decomposition is obtained for a scalar type operator. It is further shown that this polar decomposition is unique and characterises scalar type operators in reflexive Banach spaces. Finally, an extension of Stone's theorem on one-parameter group of unitary operators in Hubert spaces is obtained (under suitable conditions) for reflexive Banach spaces.
The terminology and notation in this paper are as follows. The term Banach space always means a complex Banach space. The Banach algebra of all operators on a Banach space X is denoted by B(X).
For an operator Ton a Banach space X, the spectrum of T is denoted by σ(T). The term spectral operator on a Banach space X refers to a spectral operator of class X*. The exponential function at the operator T is defined and denoted as below.
oo rp 71 e Γ = Σ ^-r DEFINITION 1. An operator T on a Banach space X is said to be hermitian under the equivalent norm || || on X, if [Tx, x] is real for all x in X with \\x\\ = 1, where [ , ] is some semi-inner-product on X, inducing the norm || ||.
The above definition is due to Lumer and in [7J it is shown that (1.1) an operator T is hermitian under the equivalent norm || || on X if and only if \\I + irT\\ = 1 + o(r) for real r, as r tends to zero.
Further as a consequence of Lemma 1 of Vidav [9] , it follows that (1.3) Supposed i = 1, 2, ••, w are finitely many commuting families of operators on a Banach space X, each of them being hermitian-equivalent and F = \Jΐ =1 F { is also a commuting family. Then the family F is hermitian-equivalent. DEFINITION 3. If S is a scalar type operator on a Banach space, with E(.) as the resolution of the identity, then S = \XE(dX). We S f R eXE(dX) and llmλ^cίλ) the real and imaginary parts of S and denote them by Re S and Im S respectively.
(1.4) If S is a scalar type operator on a Banach space X and S = R + iJ where R and J commute and R and J are hermitian in some equivalent norms on X, then R = Re S and J = Im S. (See Lumer [8] ).
The following two results are due to Foguel [4] .
(1.5) Let T be a spectral operator on a Banach space X. Then there exist two operators P and U on X such that (1) Γ = PU=UP; (2) o(P) is nonnegative and o(U) is a subset of the unit circle; (3) ?7 is scalar type and P is spectral. Further, the conditions (1), (2) and (3) insure uniqueness of P and U.
(1.6) A spectral operator T on a Banach space X is a scalar type operator with its spectrum lying on the unit circle if and only if T~ι is a bounded everywhere defined operator on X and there exists a constant K such that
2* Definition of a unitary operator in a Banach space* In this section we give the definition of a unitary operator in a Banach space and make some observations. DEFINITION 4. A spectral operator U on a Banach space X is said to be unitary under the equivalent norm || || on X, if and only if U is an isometry of X onto itself under the norm || "
As shown by Fixman in [3] , an onto isometry of a Banach space X need not be spectral, even when Xis reflexive. However, if X is a Hubert space in the norm || || and U is an onto isometry of X in this norm || ||, then U is spectral by classical Hubert space spectral theory and hence U is unitary in our sense also.
By applying the result (1.7) of §1, to the definition of a unitary operator, we have the following remark.
REMARK. If U is a unitary operator under the equivalent norm II II on X, then U is scalar type and σ(U) lies on the unit circle.
The converse of the above remark is also true which will be proved in § 3.
3* Polar decomposition of a scalar type operator* We obtain here a polar decomposition of a scalar type operator on a Banach space analogous to that of a normal operator on a Hubert space. DEFINITION 5. An operator fiona Banach space X is said to be positive under the equivalent norm || ||, if R is hermitian under the norm || || and σ(R) is nonnegative. LEMMA 
If a scalar type operator S has its spectrum on the unit circle, then T = Re S and T' = ImS satisfy the condition
Proof. This follows from the fact that for λ on the unit circle (Reλ) 2 + (Imλ) 2 = 1.
THEOREM 1. If S is a scalar type operator on a Banach space X, then there exist operators R and U and an equivalent norm ||| ||| on X such that (i) S = RU where R is positive and U is unitary under the norm \\\ ||{;
(ii) T = Re U, T' = Im U and R form a commuting family of operators on X such that R m T n T'\m, n, I -0,1, 2, •) are hermitian under the norm \\\ |||.
Further the above decomposition is unique.
Proof. First, we shall obtain the decomposition S = RU with R and U satisfying conditions (i) and (ii) of the theorem, under an equivalent norm. If E( .) is the resolution of the identity of S, then by Lemma 2, p. 60 of Poguel [4] , R = \\^\ E(dX) and
give a decomposition of S with σ(R) nonnegative and σ(U) as a subset of the unit circle. Define
where || || denotes the given norm of the Banach space X Then, as proved by Berkson [1] , ||| ||| is an equivalent norm on X and with respect to this norm ||| |||, E(σ) are hermitian for Borel sets σ of the complex plane. That R is positive in ||| III * s clear. Since the operator U is scalar type with its spectrum lying on the unit circle, U takes the form U -e iκ , where K is the scalar type operator
K =
with its resolution of the identity F(.) given by 
Now we shall show that the above decomposition of S is unique. If possible, let S = R 1 U ι where R 1 and UΊ satisfy conditions (i) and (ii) under an equivalent norm || 11^ (say). To show R 1 = R and U 1 = U (see (1) for the definition of U and R), in view of (1.5) of §1 it suffices to show that R λ is spectral. Now we will prove 2 that R λ = R, so that R x is spectral. If Since R 1 commutes with S, R X E{.) = E(.)R 1 by Theorem 5 of Dunford [2] and hence RR λ = R λ R.
Let i be a maximal commutative Banach subalgebra of B(X) with identity, containing R and B lΛ Then the spectra of R and R λ are the same relative to A and B(X). Let 9Ji be the space of maximal ideals of A. As
Since <J(J?) and σ(R x ) are nonnegative, it follows that R(M) = 0 = R^M).
Since by (1.3), R -R λ is hermitian in some equivalent norm, by a result of Vidav [9] , it follows that R -R x = 0. Hence R = R x . This completes the proof of the theorem.
COROLLARY. // the space X is a Hίlbert space and S is a normal operator on X, then S = RU= UR where R is positive and U is unitary in the usual Hilbert space terminology.
From the proof of the first part of the above theorem it is clear that the remark in § 2 can be strengthened to the following result. Thus the polar decomposition in Theorem 1 characterises scalar type operators on reflexive Banach spaces. But, however, this does not characterise scalar type operators on nonreflexive Banach spaces as is shown in the following counter-example.
COUNTER-EXAMPLE. The operators T and T on the nonreflexive Banach space of Kakutani's example in [6] have clearly nonnegative spectrum and as pointed out by Lumer [8] , T, T f and T + T' are all hermitian together with T n T' m (n, m = 0,1, 2, •) in the given norm of the space. Hence by taking T + T = S = R and U = / in the above remark, it is easily seen that conditions (i) and (ii) of Theorem 1 are satisfied by R and U under the given norm of the space. But S = T + T' is not scalar type as proved by Kakutani in [6] . Proof. The norm ||| ||| defined by 111 x I j j = sup var x*E(. )x is an equivalent norm on X and E(σ) are hermitian in ||| ||| for Borel sets σ of the complex plane. That @ is an one-parameter group of operators is clear from the spectral properties of U t . By arguing as in Theorem 1 in the case of U, it is easy to establish that U t are unitary in the norm ||| |||.
For real t and s, by Lemma 6 of Dunford [2] we have,
so that U t tends to U s in the uniform operator topology, as t tends to s. This completes the proof.
Conversely, suppose we are given a uniformly continuous oneparameter group of operators, all being unitary under some equivalent norm. Then is it possible to represent the group as in Theorem 2? Before answering this question in the affirmative in the case of reflexive Banach spaces, we shall presently discuss a necessary condition (condition (H) below) for the converse of Theorem 2 to hold. REMARK. TO represent a group {T t }(-°o < t < °o) of scalar type operators in the form given in theorem 2, it is necessary that {T t } satisfies the condition (H) under some equivalent norm on X For, suppose 
Proof. Let D = I \J {R t , J t ; t e A}.
Since the generating family D is a commuting family by Theorem 5 of Dunford [2] , the Banach algebra B is commutative. In view of Theorem 1 of Vidav [9] , the hypothesis of the lemma and the fact that and the fact that B is commutative, the lemma follows as soon as we establish that S = U + iV for some U and V in B with U, V hermitian in || ||. But this can be shown by an argument similar to that given by Berkson in Theorem 3.1 in [1] . This completes the proof. Proof. Let R t = Re U u J t = Im U t for all t and D = {R t ,J t ; -oo < t < co} .
Let B be the Banach algebra generated by D in the uniform operator topology. Since @ satisfies the condition (H) under the norm ||| ||| and @ is a commuting family of scalar type operators, by Lemma 2, B is a commutative Banach algebra and the Gelfand representation of B is a bicontinuous isomorphism of B onto C(5ϋl), where 2JΪ is the maximal ideal space of B. Hence each operator T in B corresponds to the function T(m) in C(2Ji) such that the correspondence is a bicontinuous isomorphism, (m denotes maximal ideals). Therefore, by Theorem 18 of Dunford [2] , there exists a spectral measure £Ί( .) on 9JΪ to B(X) such that Hence in particular,
Since © is a uniformly continuous one-parameter group of elements in B by Theorem 9.4.2 of Hille and Phillips [5] , there exists an element α in B such that
where (2) Hence (3) UAm)
Let us denote U 1 by U. As the algebra 5 is equivalent to C(%ϊl) the spectrum of U in JB i.e. σ B (U) is the same as that of U in B(X); i.e. tf(ί7). Therefore, ^(C/) is a subset of the unit circle. But σ β (U) is the range of U(m) and hence U(m) = e ίa(m) has its range on the unit circle, so that a(m) is real valued. Since a(m) is a continuous function over the compact Hausdorff space 2JΪ, its range is compact and hence is some bounded set τ of the reals. Let [α, b] be some bounded closed interval containing τ.
Since α is in B, a = I aiwήE^dm). Hence by Lemma 6 of Dunford [2] , α is a scalar type operator with its resolution of the identity E(.) given by
The uniqueness of α follows from the equation (2) and as α is a bounded scalar type operator its resolution of the identity is unique. Hence E(.) and therefore the spectral representation of © are unique.
To prove the last part of the theorem, let T be any operator in B(X) commuting with Θ. Since T commutes with U t for all t, T commutes with R t and J t for all t by Theorem 5 of Dunford [2] ; i.e. T commutes with D. As α is in B and B is the Banach algebra generated by D, T commutes with α. But α is a spectral operator with its resolution of the identity E( .) and hence again by Theorem 5 of Dunford [2] 
, TE(.) = E(.)T.
This completes the proof of the theorem.
Note that the infinitesimal operator α in the above theorem is hermitian in ||| |||.
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